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O. Introduction 
The Malcev completion of a finitely generated torsion-free nilpotent group G can 
be interpreted as giving a functor ~K from the category of finitely generated 
torsion-free nilpotent groups to the category of unipotent algebraic K-groups. Here 
K is any field of characteristic 0. In Section 1 we sketch this construction of the 
Malcev completion; the construction is due to Jennins [9]. 
If G is a finitely generated torsion-free nilpotent group (f.t.n.ogroup), then oZrff 
is a unipotent algebraic K-group defined over Q. This raises the question of whether 
unipotent algebraic K-groups are always defined over Q. This is true for small 
dimensions; in Section 2 we give counterexamples for unipotent algebraic K-groups 
with larger dimensions. We then use the functor ~K to classify isomorphism 
classes of unipotent Q-groups of nilpotency class 2 and dimension less than or equal 
to 6. The functor JQ reduces this classification to the analogous problem for 
f.t.n.-groups. This much of the classification of f.t.n.-groups was determined by 
Grunewald, Scharlau, and Segal in [6] and [7]. 
In Sections 3 and 4 we consider the representation theories of the two categories 
(f.t.n.-groups and unipotent algebraic Q-groups). The functor ~¢K provides a bijec- 
tion between the finite-dimensional unipotent representations of G over Q and the 
finite-dimensional Q-rational representations of ~ .  Furthermore, the co- 
homology of these groups at the corresponding representations agrees. 
* The second author was partially supported by a grant from the National Science Foundation and also 
wishes to thank the Sonderforschungsbereich for its hospitality and support. 
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1. Malcev's completion 
We use the following notation: 
K is a field of characteristic 0.
G is a finitely generated torsion-free nilpotent group (f.t.n.-group). 
C~ is the infinite cyclic group. 
h(G) is the Hirsch number of G. 
n(G) is the nilpotency class of G. 
t~ is the Zariski closure of G when G is embedded in an affine variety over k. 
Algebraic groups are denoted by German letters, abstract groups by Latin letters. 
U(n, Z) is the group of n × n upper triangular unipotent matrices with entries in Z. 
ll(n) is the algebraic group of n × n upper triangular unipotent matrices. 
@a is the additive algebraic group. 
~m is the multiplicative algebraic group. 
[K] is the group of K-points of an algebraic K-group @. 
dimr @ is the K-dimension of an algebraic K-group @. 
L ® @ is the extension of an algebraic K-group @ to a field extension L of K. 
In the following, we present Jennings' construction of the Malcev completion of 
an f.t.n.-group G and we give some elementary properties of this construction. The 
details of what follows can easily be extracted from [1, Chap. 4]. 
Let G be an f.t.n.-group, KG its group ring, g the augmentation ideal of KG, and 
the g-adic completion of KG. For g ~ G we define log g to be the following 
element of KG: 
logg= ~ (-1)i(g - 1)/i. 
i=1 
(This definition makes sense since K has characteristic 0.)We define L~K(G) to be 
the K-vector space in K"G generated by the set {log gig E G}. 
Property 1.1. The dimension of .~K(G) is equal to h(G). L~K(G ) is a nilpotent 
subalgebra of the commutation Lie algebra of the ring KG. There is a natural 
identification KI"G_~K®QQIG, and under this identification we have ~K(G)~ 
K®L~Q(G) as K-Lie algebras. 
On the finite-dimensional vector space L~K(G) we define as in [11 a polynomial 
multiplication • using the Campbell-Hausdorff formula. This multiplication is
given by certain rational polynomials, hence there is an affine algebraic K-group 
~¢t'~ and a group isomorphism 
(.TK(G), *)--=- ~[K I .  
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Property 1.2. ~r  c is a unipotent algebraic K-group defined over Q; furthermore, 
~- - -K®~.  Also we have dimr(~cr)=h(G) and n(~Cl~)=n(G). 
Let ~:G--*H be a homomorphism between the f.t.n.-groups G and H. Define 
I//~ : .~99K (G)-"~ .~K(H) 
to be the linear extension of the map log g~log ~,(g). J~  is a homomorphism of 
algebraic groups. 
Property 1.3. ~K is a functor from the category of f.t.n.-groups into the category 
of unipotent algebraic K-groups. I f  @ is a unipotent algebraic Q-group, then there 
is an f.t.n.-group G with ~¢¢~ =~. 
Let ¢~o'G---*~[Q] be the map given by ¢bc(g)=logg. 
Property 1.4. Oc is an injective group homomorphism, and ~¢l~[Q] is the radicable 
hull of G. 
Property 1.5. Oc(G) is Zariski dense in ~1t~. 
Property 1.5 follows from Property 1.2 as follows: Let G be a finitely generated 
Zariski-dense subgroup of ,fp[Q], the Q-points of a unipotent algebraic Q-group ,~. 
Since every finitely generated subgroup of (Q, +) is cyclic, we have by induction that 
h(G) = dim O ,~. 
Let ¢~ :G ~,~[Q] be a homomorphism of an f.t.n.-group G into the Q-points of 
some unipotent algebraic Q-group ,~. We write ¢~ for the unique algebraic 
homomorphism ¢~: ~ ~  making the following diagram commutative: 
G 8[QI 
The homomorphism ~ can be defined as an extension of the map log g---,qb(g). 
Property 1.6. I f  dp:G~O[Q] is an injective homomorphism from an f.t.n.-group 
G to the Q-points ofa unipotent algebraic Q-group ~p, then ~--dp(G) as algebraic 
Q-groups. In fact, this isomorphism is induced by ~. 
Property 1.7. I f  1 --*N ¢ , G ~' ,H~I is an exact sequence of f.t.n.-groups, then 
302 F. Grunewald, J. O'Halloran 
is exact. It follows easily that, for  f.t.n.-groups G 1 and G2, 
~KGI x G2 ~ #GI ---~a~ K Xd/ 'K G2. 
We remark that Donkin has given a direct construction of ~:  (see [3]). For an 
f.t.n.-group G, Donkin constructs an affine unipotent algebraic group @ whose Lie 
algebra is ~r(G). 
2. Constructions of unipotent algebraic K-groups 
In this section we analyze the isomorphism classes of unipotent algebraic K- 
groups. For this we use a simple invariant called the Pfaffian. We prove: 
Theorem 2.1. Let K be a field of  characteristic 0 and let L be a proper extension 
of  K. Then there is a uniponent algebraic L-group ~ with n(O) = 2 and dim L ~ = 22 
which is not defined over K. 
Proposition 2.2. Let L be an uncountable field. Then there are uncountably many 
isomorphism classes of  unipotent algebraic groups ~ defined over L with n(~) = 2 
and dimr ~< 10. I f  L is countable, then there are countably many isomorphism 
classes of unipotent algebraic groups over L. 
The classification of the unipotent algebraic K-groups o f  dimension less than or 
equal to 5 is easy and it shows that Theorem 2.1 and Proposition 2.2 do not hold 
in small dimensions. It is very difficult to attack the rationality question of Theorem 
2.1 for small dimensions over an arbitrary field. In the case that L is a number field 
over Q, we have a stronger version of Theorem 2.1 (see Theorem 2.8). 
Property 1.3 establishes the surjectivity of the functor MQ from the category of 
f.t.n.-groups onto the category of unipotent algebraic groups defined over Q. 
Theorem 2.1 shows that Q is unique with respect o this property. 
Theorem 2.3. Let L be a proper extension of  Q. Then the functor ~r  is not surjec- 
tire. I f  L is uncountable, then there cannot be a surjective functor from the category 
of  f.t.n.-groups to the category of  unipotent algebraic groups over L. 
The first part of Theorem 2.3 follows from Theorem 2.1. The second part follows 
from Proposition 2.6, where we show that there are only countably many isomor- 
phism classes of f.t.n.-groups. 
First we introduce an invariant of the unipotent algebraic group @ which we call 
the Pfaffian of @. This construction is also used in [7]. Let K be a field and let 
be a unipotent algebraic group over K with n(@) = 2. Then the derived group @' and 
the quotient group @ab = @/@, are both vector groups, which we denote by W and 
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V respectively. Because n(@)=2, the commutator map (x,y)-*xyx-ly -1 is a well- 
defined map from ~abx @abe@,. This gives rise to an alternating bilinear map 
q~ : Vx V~ W. Choose a basis {el, ...,ew} for W and extend qi~ to 
c~¢~:ktXl,. . . ,Xwl°Xk[Xl,. . . ,Xw]°--- 'k[X1,.. . ,Xw], v=dim V, 
in the same manner as in [7, §3]. The map q3~ is an alternating bilinear map. We 
then take the usual Pfaffian P f (~)  of this map (see [10, Chap. XIV] for the 
definition). By the construction, pf(¢3~) is a homogeneous polynomial of degree 
less than or equal to 0/2. Note that pf(qS~) depends on the choice of basis for W. 
Let Pro(K, r) be the set of homogeneous polynomials in r variables of degree m 
with coefficients in K. The group @m x ~)~(r,K) acts on Pm(K,r)by 
(a, (ai j )) .  P(X1, ..., Xr)  = aP a l jS j ,  ... ,  arj . 
1 j=1 
We write P -Q  if P and Q are in the same orbit under this action. Let Pro(K, r) 
denote the set of equivalence classes. It is straightforward to check that the map 
@ ~Pf (¢~)  is a well-defined map from the set of isomorphism classes of unipotent 
algebraic groups over K of nilpotency class two with dim @'= r and dim G ab = 2m 
into tim(K, r). We write Pf((~) for the image of @ in tim(K, r) under this map. 
The following proposition is used to construct interesting examples of unipotent 
algebraic groups. 
Proposition 2.4. Given a homogeneous polynomial P(X, Y) in Pro(K, 2), there is a 
unipotent algebraic group @ over K with 
n(@) = 2, dim @ = 2m + 2, dim @'= 2, and Pf(@) = (P(X, Y)). 
Proof. Given a bilinear map ~ : U x U~ W of finite-dimensional vector spaces U, W 
over k, we define on the set U× U× V the multiplication 
! ! ! g ! 
(Ul, U2, W)" (Ul, U2, W/) = (U 1 q- Ul, U 2 q- U2, W-J- W'+ O(Ul, U2) ). 
This gives Ux  Ux  V the structure of an affine unipotent algebraic group over K of 
nilpotency class less than or equal to 2. We call this algebraic group @(~0). Now 
assume that q~(Ux U) spans W. Then @(~)'= W, t~(0)ab= UX U, and the com- 
mutator map ~t~)  is given by 
g I 
((Ul, U2) , (Ul, U2))-"~O(Ul, U2) -- ~(U 1 , U2). 
Choosing a basis {ol, ..., Vr) of V and a basis of U, one may represent O as a 
dim U×dim U matrix with entries of linear polynomials in the variables 
{Vl, ..., Vr}. The image in Pdim u(K,r) of the determinant of this matrix (det 0~)is 
Pf(~(O)). 
Choose P(X, Y) in Pro(K, 2). By elementary linear algebra, there is a bilinear map 
tk : K m x K m --* K 2 such that det q~ = P(X, Y) and such that rk(K m × v,,, It 
follows that Pf(@(q~))= (P(X, Y)). 
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In general it is quite difficult to understand which polynomials are of the form 
Pf(@) for some algebraic K-group @. 
From Proposition 2.4 we may obtain a lower bound on the number of isomor- 
phism classes of unipotent algebraic groups by analyzing the sets l~m(K, 2). A first 
step is contained in the following lemma, which classifies the orbits of certain 
polynomials. 
Definition. For 4 ~ K, let 
P~ = xy(x -  y ) (x -  4 y) and 
Then P~ ~ P4(K, 2) and Ra ~ PIo(K, 2). 
R a =xy2(x-y)3(Ax-y)  4. 
Lemma 2.5. (1) Let 4,ueK,  A~0, 1. Then Pa-P  u i f  and only if  
E {4, 4 -l, 1 - 4, -4 / ( I  - A), 1 - 4-1, 1/(1 - 2)}. 
(2) Let K c_ L be fields of  characteristic 0 and 4 ~ L. Suppose that there is a 
o ~ (~m X (~(2,  L )  such that aR k has coefficients in K. Then 4 e K. 
Proof. Take tr= (z, (c ha)) such that trP a =P  l,- Then 
z(ax + by)(cx + dy)((a - c )x -  (d -  b)y)((a - 4c)x-  (2d-  b)y) 
= xy(x -  y ) (x -  lzy). 
Part (1) is easily proved by comparing the linear factors in this equation. 
(2) We may assume that 4 ~: O, 1. We have 
~r= (z, (~ ,~)) e ~Om × ~0~(2, L). 
If we multiply tr by an element of @mX~(2,L) ,  we retain the hypothesis that 
trRa has coefficients in K. In the case that b. d= 0, we multiply tr by (1, (~ ~)) or 
(1, (I 0)) to ensure that b and d are not zero. We then multiply tr by an element 
of the form (1,(8°)) with eeK to obtain d-b: / :O and d-2b#:O.  Let e= 
- bd(d -  b)(d-  2b). Then 
aR k = z(ax + by)(cx + dy)2((a- c )x -  (d -  b)y)3((2a - c )x -  (d -  Ab)y) 4 
/ 
= ze.  x 10 
The polynomial 
T(s) = ze b 
° 
b d d -b  x /  \d -Ab  
c --.c s~3(2a- -c  4 s)( : 
has coefficients in K. The zeroes of T are: 
-a /b ,  -c /d ,  (a -c ) / (d -  b), (2a -  c) / (d -  2b). 
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Since ad-bc:/:O, these elements are all distinct. Furthermore, by construction, the 
zeroes of T have distinct multiplicities. Because K is perfect, the zeroes of T are all 
in K. We put 
a c a -c  ) ta-c  
b =el '  d = e2' d -  b - e3, d -Ab  - e4" 
Each e i is in K. Eliminating a and c, we obtain 
d 
b (e2-e3) :e l -e3 '  
d 
/9 
Since the eg are distinct, it follows that A e K. 
Remark. In contrast o the lemma, PE(K, 2) and/53(K, 2) are finite for all algebrai- 
cally closed fields K. 
Proof of Theorem 2.1. If O is a unipotent algebraic group defined over K, then 
Pf(~) has coefficients in K. By Proposition 2.4 there is a unipotent algebraic group 
defined over L corresponding to the polynomial R~ in Lemma 2.5. By the above 
remark, this group cannot be defined over K. 
Proof of Proposition 2.2. The first part is immediate from part (1) of Lemma 2.5. 
For the second part, we proceed by induction on the nilpotency class of ~, where 
@ is a unipotent algebraic group over L. If n(O) = 1, then @-= (@a) s, for some s > 1. 
Suppose there are countably many isomorphism classes of unipotent algebraic 
groups over L of nilpotency class less than n. If n(O)= n, then n(O/Z(O))= n -  1. 
is an extension of ,~ = O/Z(O) by Z(O), and by the induction hypothesis each of 
these lies in one of countably many isomorphism classes. Each extension cor- 
responds to an element of the rational 2-cohomology group H2(~p, V), where V is 
an L-vector space of dimension dim L Z(@). Each element of the 2-cohomology 
group is given by a variety morphism from ,~ ×,~ to V. Since L is countable, it 
follows that there are only countably many such morphisms. The conclusion 
follows. 
Proposition 2.6. There are countably many isomorphism classes of  finitely 
generated nilpotent groups. 
Proof. First we show that any finitely generated nilpotent group G has only coun- 
tably many subgroups. By [8, 1.8 and 1.9], every subgroup of G is finiely generated. 
Thus we can enumerate the subgroups of  G by enumerating the finite subsets of the 
countable set G. 
Now let N(n,g) be the free nilpotent group of class n on g generators; 
N(n, g)= F(g)/yn(F(g)) where F(g) is the free group on g generators and yn(F(g)) is 
the nth term of the lower central series of F(g). '(See [8] for details.) 
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The groups N(n,g) clearly have the following universal property: If G is any 
nilpotent group of class less than or equal to n which can be generated by g or less 
than g elements, then G is a quotient group of N(n, g). 
Because all finitely generated nilpotent groups are quotients of the countably 
many groups N(n, g), and each N(n, g) has only countably many isomorphism classes 
of quotients (by the first paragraph above), the conclusion follows., 
Next we consider the case that K is a finite Galois extension of Q with Galois 
group A = Gal(K: Q). If @ is a unipotent algebraic group defined over K and if 
t7 ~ A, we write @o for the conjugate of @ by a. The group multiplication and in- 
verse for @ are the conjugates under t7 of these operations for @. That is, 
@~= @ =K n as a set and multiplication • and inverse (inv) are given by 
g . h=(g °. rff)a-~; ginv=((g°)-l)~-~; IO~= 10. 
Note that @ is defined over Q if and only if @-Oa for all tr ~,4. 
To prove the following proposition, we need a result from number theory: 
Lemma 2.7. Let K be a finite Galois extension of  Q and let a be its ring of  integers. 
There is a prime ideal I) in o such that ~ is a principal ideal and t} a~ ~Oa, for  all 
t71, t72 e A with tyler72. 
Proof. Let H be the Hilbert class field of K. H is also a Galois extension of Q. By 
Tchebotarev's Density Theorem [11, Chap. VIII, §4], there is a rational prime p (in 
fact infinitely many) which is completely decomposed in H. Let ~ be a prime ideal 
of a which contains p. By the Artin Reciprocity Law [11, Chap. X], the prime ideal 
t~ is principal and ~)o, :g0az for all al,  t72 e A with al :g a2. 
Theorem 2.8. Let K be a finite Galois extension o f  Q with Galois group A. There 
is a unipotent algebraic group ~ with n(@)<_ 2 and dim t~ = 6 such that (~a~ t~a2 
for  any al, a2 cA  with al ~ t~2. Hence @ cannot be defined over Q. 
Proof. By Proposition 2.4, we need only show that there is a quadratic form P in 
P2(K, 2) such that po~ + pa~ for any al, a2 e d with al :g tT2. 
Consider the map D:I~2(K,2)~K/(K*) 2 given by 
D( aX2 + bXY  + c Y 2 ) = 4ac - b 2. 
The map D is well-defined and satisfies 
D((aX 2 + bXY+ cy2) °) = D(aX2~ - bXY+ cY2) a for all a ~ d.  
Let ~ be a prime ideal in the ring of integers a of K which satisfies the conditions 
in Lemma 2.7. Since the ideal t~ is a principal ideal, it is generated by an element 
it in a. Let P(X, Y) = X 2 + Tt y2. Then D(P) =-~ in K/(K*) 2. 
Suppose that po, _po :  for some al ,a2 in d with al #:t~2. Then D(Pa')=D(P°2); 
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i.e. there is an element r/in K with rta~=/727[ tr2. Then there are ideals a, b of a such 
that a2I) al = b2~ tr2. By the uniqueness of prime ideal decomposition, it follows that 
~a~ =~a2, a contradiction. It follows that per, +pa2 for any trl, trE eA with trl ~:tr2. 
3. Classification of certain unipotent algebraic groups over Q 
By Property 1.3, the image of the functor ~'K for each field K is the set of 
unipotent algebraic groups over K defined over Q. Each such algebraic group arises 
from an algebraic group over Q via tensor product with K, so we may as well restrict 
our attention to the case K= Q. In this section we use the classification of isomor- 
phism classes of f.t.n.-groups of nilpotency class two and Hirsch number less than 
or equal to six [6, 7] to classify all isomorphism classes of unipotent algebraic groups 
over Q of nilpotency class two and dimension less than or equal to six. In the case 
that the nilpotency class is one, all f.t.n.-groups (unipotent algebraic groups) are 
direct products of copies of C~(@a). 
The procedure is the following: We have taken the list of isomorphism classes of 
f.t.n.-groups given in [6,7] and for each group G we have constructed a faithful 
matrix representation ¢ :G~ U(n, Q) for some n. It is then quite easy to describe 
the Zariski closure of ¢(G) in tI(n). By Property 1.6 this is ~ .  By Property 1.3 
we have now constructed at least one member in every isomorphism class of unipo- 
tent algebraic Q-groups with dimension less than six and nilpotency class two. It is 
then quite easy to leave out repetitions of isomorphism classes. 
Theorem 3.1. Table 1 contains in the right-hand column a complete set of  isomor- 
phism classes of  unipotent algebraic groups over Q of  dimension less than or equal 
to six and nilpotency class two. The left-hand column list for each of these groups 
the isomorphism classes of  dense f.t.n.-subgroups of  the algebraic group. We ex- 
hibit the groups as subgroups of  ll(n)[Q ] for suitable n. For each of the groups, the 
n given is minimal 
Proof. We have already established everything except for the fact that the groups 
@d = 11(3, Qx/-d)) are not isomorphic. For this, it suffices to compute the Pfaffian 
Pf((~d)- We find 
Pf(@d) = xZ - dY 2. 
If dl and dE are distinct square-free rational integers, then the Pf(@d,) are not 
equivalent under (~m)< ~(2 ,  Q). 
Remark. Another way to go about a classification of unipotent algebraic groups 
over Q is to use the category equivalence between unipotent algebraic groups and 
nilpotent Lie algebras. One can easily classify Lie algebras of nilpotency class two 
and dimension less than or equal to five, but dimension six is formidable. 
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Table 1 
h(G) = f.t.n.-groups of unipotent algebraic groups 
~ nilpotency class two over Q of nilpotency class two dim 
1 none none 
2 none none 
3 G(a) = 1 [1(3, Q) 
0 0 x,y, zEz 
a is a positive integer 
4 G(a) x Coo 1I(3, Q) x (~a 
G(a) X Coo X Coo [I(3, Q) X (~a X •a 
1 0 x 3 (~2= 1 0 
G(a, b) = 0 1 0 1 
0 0 x:Z 0 0 
a, b positive integers & a lb 
H(a, b) = 
r" - -  
1 x l 
0 1 
0 0 
0 0 
0 0 
0 0 
x 2 0 0 
ax3 0 0 
I 0 0 
0 1 ax 3 
0 0 I 
0 0 0 
a, b positive integers 
0 
0 
0 
x4 
bx5 
1 ~ x,~Z 
r 
1 • • 
0 l x 
0 0 1 
(o=~ 0 0 0 
, 0 0 0 
0 0 0 
1 
0 0 0 
0 0 0 
0 0 0 
1 x • 
0 1 • 
0 0 1 
"/ 
L 
! 
I 
I 
As another appl ication of  the Malcev complet ion,  one can classify unipotent 
algebraic Q-groups whose commutator  subgroup has dimension one: 
Propos i t ion  3.2. Let  (~ be a un ipotent  algebraic g roup  over  Q such that dim @'= 1. 
Then there is a pos i t ive  integer r and  a nonnegat ive  integer s such that 
~--- ~1 r X ((~a) s
with  
1 *--"  * ]  
0 
0 * 
"1 (r + 2) × (r + 2) 
Proof .  Because dim (~'= 1, @ has ni lpotency class two. By Theorem 1.5 and Cor- 
ol lary 2.5, there is an f . t .n . -group GC @ of  ni lpotency class two such that ~= (~. 
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Table 1 (cont.) 
h(G)= f.t.n.-groups of 
~¢t'~ nilpotency class two dim 
unipotent algebraic groups 
over Q of nilpotency class two 
G(a) x C~ x C., x C. 
G(a, b) x Ca, 
H(a, b) x C® 
K ~ . 
" -1  xt yl 00  000  0 
01 x200 000 0 
00  1 00  000  0 
00 0 1 x2 y200 0 
00  00  1 x300 0 
O0 000 1 O0 0 
00  000 01  xi y ~ 
00  000 001X 3 
O0 000 0 O0 l 
k_ 
G(6,A,~)= 
I 
I 
I 
xi, Y ieZ 
1 J~.(x l+b jA(_cAx5 b 
o , 
+ xf-dx3) 
0 0 1 
J,,~ positive integers, 
= aX 2 + bXY+ xY  2, 
d = (1/4)(b 2- 4ac) 
G(J, ~l, #) = G(J, 2, #') exactly 
when 4i ~ ¢i' (see [7]) 
Z 
11(3, Q) X l~aX l~aX @ a 
@2 x @~ 
.gx % 
~= 
1Xl yl 00  000  0 -~ 
01  x200 000 0 
O0 l O0  000  0 
0 0 0 1 x2 y2 0 0 0 
0 0 0 0 1 X3 0 0 0 /!~" 
00 '000  100  0| |  
lJ 
0 0 0 0 0 0 1Xl y 3 
0 0 0 00  0 0 1 x 3 
0 0 0 0 0 0 0 0 1 x,,y,~O 
11(3, Q(x/-d)) over Q 
d = b 2 - 4ac 
(parameterized by 
square-free integers) 
xieZ 
By Propert ies 1.2 and 1.6, h(G ' )  = 1. Let n = dim @-  1. I f  n is even (n = 2r), then 
1 alxl  
0 
G is isomorphic to 
a2x  2 ... arX r 
0 
G(a l ,  . . . ,  ar) = 
Z 
Yl  
Y2 
Yr 
"/1 Xi, yi, z E Z 
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for fixed 0 ~ a~ [ a21..- ] at. If n = 2r + 1 is odd, then G is isomorphic to G(a~,..., at) x 
C~., [13, 11.D]. The conclusion follows from Property 1.6. 
4. Representation theory 
In the following, all algebraic groups are K-groups, with the characteristic of K 
equal to zero, and are defined over Q. If ¢ : G ~ll(n)[K] is a group homomorphism, 
then ~ induces an algebraic group homomorphism 
Since ¢(G)C Lt(n)[K], we have ~: J~  ~Lt(n)[K]. 
With this convention, we see that the functor ^  assigns to each unipotent finite- 
dimensional representation f an f.t.n.-group G, ¢ : G-*U(n)[K], a representation 
~: dt'~--,Ll(n)[K] of the unipotent algebraic group ~A'r G.
Theorem 4.1. The correspondence given by the functor ^  from the category of  
equivalence classes of  finite-dimensional unipotent representations of an f.t.n.- 
group G over K to the category of  equivalence classes of  finite-dimensional r tional 
representations of  ~ over K and defined over Q is bijective. Furthermore, sub- 
module structure and fixed points are preserved under this bijection. 
Proof. The bijection between equivalence classes of finite-dimensional unipotent 
representations of G over K and equivalence classes of finite-dimensional rational 
representations of ~ follows from Properties 1.3, 1.5, and 1.6 in a straightfor- 
ward manner. 
Let V be a finite-dimensional unipotent representation f G over K. Suppose that 
a subspace W of V is invariant under G. If S= {xe ~ ]xWc W}, then S is a 
closed subset of J r  c which contains ~o(G), where 4~o is the map defined in Pro- 
perty 1.4. Because ~6(G) = ~'r  c (Property 1.5), it follows that W is invariant under 
Jt'r ~. The argument for fixed points is similar. 
Corollary 4.2. I f  Q : G ~ Ll(n) [K] is an irreducible unipotent representation ver K 
of  an f.t.n.-group G, then 0 is the trivial one-dimensional representation. 
Proof. This follows from Theorem 4.1 and from the corresponding fact about 
representations of unipotent algebraic groups [2, IV, §2, 2.5]. 
Corollary 4.3. The equivalence classes of finite-dimensional representations of  @a 
defined over Q are parameterized by the unipotent Jordan matrices (ordering the 
blocks in decreasing size). 
Proof. The equivalence classes of representations of l~J a defined over Q are in one- 
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to-one correspondence with the equivalence classes of unipotent representations of 
C~ over Q, A representation f Coo, ~ : C~H(n ,  Q), is determined by Q(g), where 
g generates C~. The matrix Q(g) is similar to exactly one unipotent Jordan matrix 
with blocks ordered in decreasing size. 
5. Cohomology of nilpotent groups and unipotent algebraic groups 
In Section 4 we established a bijection between the finite-dimensional unipotent 
representations of an f.t.n.-group G and the finite-dimensional representations of 
the algebraic group~t'~. Now we show that the abstract group cohomology 
Hi(G, V) agrees with the rational cohomology Hi(~[~, V) for every locally finite- 
dimensional ~-modu le  V. First we need to find enough injective G-modules 
which are injective ~-modu les :  
Lemma 5.1. The injective hull E(V) of  a locally finite-dimensional nd locally 
unipotent G-module V is locally finite-dimensional and locally unipotent. 
Proof. From [4, 1.1.1] we know that E(V) is locally finite-dimensional. Therefore 
E(V) = lim i Mi, where Mi is a finite-dimensional submodule of E(V). 
Claim. If M is a finite-dimensional G-module and M 0 is the largest unipotent 
submodule of M (i.e. the submodule generated by all unipotent submodules), then 
M0 is a direct summand of M. 
We proceed by induction on dim M. If dim M= 1, the claim holds. Let dim M> 1. 
If M contains no trivial submodule, then M 0 = 0, and the claim holds. If M con- 
tains a trivial module T, then by the induction hypothesis, we have 
M/T= (M/T)oO)M' /T=Mo/T•M' /T  for some submodule M'. 
Choose {xi} CM'  such that {.ei} is a basis for M' /T  and let MI be the submodule 
of M generated by {xi}. Clearly M=Mo+M 1. If ~igixiEMo for some {gi} CQG, 
then ~igi2i eMo/T,  a contradiction. Therefore M=MoeM1.  
It follows that 
E(V) = lira i M i = lim i (Mi) o @ (Mi) ~ = lim i (gi) 0 @)lim i (Mi) 1 .
Because V is locally finite-dimensional and locally unipotent, we have V= 
limj Nj= limj (Nj)0, where each Nj is finite-dimensional nd unipotent. Each Nj 
coincides with some (M/) 0, so V is a submodule of lim i (Mi) o. Because each direct 
summand of an injective module is injective, it follows that the injective hull of V 
is lirni (Mi)o and so E(V) is locally unipotent. 
Using the same proof as for the second part of 4.1, we have: 
Lemma 5.2. I f  A and B are ~-modu les  and ¢p : A ~B is a G-module morphism, 
then (p is an ~-modu le  morphism. Furthermore A c =A "1~. 
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Theorem 5.3. I f  G is an f . t. n. -group and M is a locally finite-dimensional and locally 
unipotent G-module, then M is an ~¢L~-module and Hi(G, M) = H i (~,  M) as vec- 
tor spaces. 
Proof. From Theorem 4.1 it follows that M is an ~-modu le .  
By Lemma 5.1, the injective hull E(V) of any locally finite-dimensional and local- 
ly unipotent G-module is an .~'~-module. We need to show that E(V) is an injec- 
tive ~g~-module. Suppose U and W are ~-modu les  with UC W and there is a 
~¢L~ -module morphism ¢ : U~E(V) .  By restriction, U and W are G-modules and 
¢~ is a G-module morphism. Because E(V is an injective G-module, there is a G- 
module morphism ¢~': W~E(V)  such that ¢'[t,=¢~. By Lemma 5.2, ¢'  is an .W~- 
module morphism. Therefore E(V) is an injective Jt~-module. 
It follows that the resolution of M by injective G-modules 
O--*M~E(M)-~E(E(M)/M)~...  
is an injective resolution of I/~-modules. By Lemma 5.2, the fixed points of 
the injective modules are the same for G and I /~.  It follows that Hi(G, M)= 
Hi (~,g) .  
The following corollary was established by Lubotzky and Magid [12] using quite 
different methods. 
Corollary 5.4. Let @ be a unipotent algebraic group defined over Q. Then the 
cohomological dimension of  (~ is equal to the dimension of @. 
Proof. By Property 1.3, there is an f.t.n.-group G with ~ = G. By Theorem 5.3, 
the cohomological dimension of @ is the same as that of G, and the cohomological 
dimension of G is the Hirsch number of G [5, p. 149]. Because h(G)= dimQ ~,'~ 
(1.2), the conclusion follows. 
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